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Introduction

Weather derivatives are relatively new a la Arrow Debreu financial instruments
that allow companies to limit their exposure to financial risks such as unusually high or
low temperatures, the amount and duration of rainfall, the wind speed and power, etc.
The dependence on the financial performance of a number of economic sectors and
activities on climatic conditions and the increasing volatility of global weather pose the
question whether and to what extent weather derivatives could be a useful addition to
the risk management tools for Bulgarian companies. Research on the potential success
of weather derivatives requires consideration of a number of interrelated issues,
including the issue of fair pricing of weather hedging.

The nature of the underlying “assets” which are physical quantities instead of
tradable financial instruments or commodities hinders the application of conventional
pricing methods for derivative instruments in the case of weather derivatives. Instead,
methods are used which have been borrowed from the insurance industry. The actuarial
approach is based on assessing the likelihood of realization of various financial results
of the climatic contract and requires the construction of a model of basic climate
variables (method of daily simulation) or climate indices (index simulation method).
This article aims to establish the cost of weather hedging by applying the method of
daily simulation for the pricing of the weather put option with underlying asset the
average temperature in Varna in March.

1. Basic components of the average daily temperatures model

For the purpose of modelling the daily climatic variables, daily observations of
the maximum and minimum temperatures in the city of Varna in the course of 14
years (from 1997 to 2010) were elicited from electronic Internet sources1. In the thus-
determined temperature series no missing or incorrect values are observed, and the
observations are realistic for the respective season. From the series of the minimum
and maximum temperatures a dynamic series is formed of the underlying weather
derivatives ‘assets’, namely the average daily temperatures, calculated as the arithmetic
mean of the daily minimum and maximum values2.

1 Tutiempo Network, S. L. <http://www.tutiempo.net/en/Climate/>
2 Jewson St., A. Brix Weather Derivatives Valuation: The Meteorological, Statistical, Financial and

Mathematical Foundations. Cambridge: Cambridge University Press, 2005, p. 10
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Fig. 1. Average daily temperatures for the period 1997-2010, city of Varna

Some of the main features of the temperature process, governing the dynamics of
daily temperatures over time, are shown in Figure 1. Besides the obvious seasonal cycle,
average daily temperatures contain a low growing trend, despite the relatively short study
period. It can also be observed that the average temperatures in winter are more volatile
than the temperatures in the summer period, which is one of the main features of the
temperature process in Europe. Another feature that should be taken into account when
modelling the average daily temperature is that daytime temperatures tend to deviate briefly
from their usual levels and approximate them in the long run. This characteristic of
atmospheric temperatures to return to their long-term average can be incorporated into the
model of daily temperatures by the AR (p) process. And last but not least, the
autocorrelation between neighboring members of the time series of temperatures should
also be taken into account. Thus, in the present study the following general additive model3
has been used, describing the process of average daily temperatures in the city of Varna:

(1)

where: Tt is the average daily temperature in day t, calculated as an average of
the daily minimum and the daily maximum;_

tT is a deterministic function of the seasonal mean temperature, including
trend and seasonal cycle;
Ut – intermediate temperature anomalies4, whose values depend on the
intermediate anomalies measured in the preceding p days (AR(p) process),
or Ut = 1

p
i αiUt–i, where αi are auto regression parameters;

Tt =  + Ut +εt

_
tT

3 A similar model has been used by a number of authors in the researched area. See, for example: Benth,
F.E. and J. Saltyte-Benth. Stochastic modelling of temperature variations with a view towards weather
derivatives. //Applied Mathematical Finance, 2005, Vol. 12(1), pp. 53-85; Cao, M. and J. Wei. Equilibrium
Valuation of Weather Derivatives. Working Paper, University of Toronto, Toronto, Canada, 2001;
Jewson St., A. Brix, op.cit.

4 The term „temperature anomalies” describes the deviations of daily temperatures from their average
values, characteristic of a given geographic latitude.
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εt – temperature noise with a zero average and standard deviation σt,
which varies over time.

Each of the indicated components of the temperature series is modeled separately,
and the characteristics of the resulting intermediate residuals were examined at each
stage. A similar approach is used in meteorology, while in the context of weather
derivatives it was launched by Benth et al.5

2. Modelling the average seasonal temperature

In the thus defined model of daily temperatures the determinist function_
tT represents a long-term average to which daily temperatures revert as a result of

the mean-reversion feature, expressed through the AR(p) structure. For the modelling
of this temperature process component a regression has been applied, presenting the
average daily temperatures as a linear trend sum, ensuring the stationarity of the
process, and a sinewave describing the periodic fluctuations in average temperatures
that vary with the seasons change6. The following results7 have been achieved for the
coefficients of the equation, along with the statistics concerning the adequacy of the
model (determination coefficient R2, corrected determination coefficient 2

_
R , standard

error of regression S .E. and F-statistics F-stat.) and the significance of the parameters
(t-statistics):

(2)
t-stat.: 124,7388 4,5512   -54,6221  -140,7330
Prob.:     0,0000 0,0000      0,0000       0,0000
R2 = 0,8173;     = 0,8172; S.E. = 3,5382; F-stat. (Prob) = 7615,936 (0,0000)
DW-stat.: 0,4359; WT-stat.(Prob.): 567,34 (0,0000)

where: t = 1, 2, …;
2π
365
 – angular frequency, which measures the speed of “reversal”

of the sine wave (29 February is excluded from all leap years).
All parameters were statistically significantly different from zero. According to

the evaluated model, the average temperature is 12,36oC. Although the assessed
influence of the linear trend might seem insignificant (0,0002), the trend points to an
increase of average daily temperatures by approximately 0,9oC only for the researched
14-year period. The determination coefficient (R2) shows that the trend and the seasonal
cycle account for 81,73% of the fluctuation of the temperature time lines. With the
help of the evaluated model parameters also the amplitude (c) and the phase (d) of the
sine wave have been calculated8:

_
tT = 12,3606 + 0,0002t – 3,8293sin(ω . t) – 9,8509cos(ω . t)

5 Benth, F.E. and J. Saltyte-Benth., op.cit, pp. 53-85.
6 Cao, M. and J. Wei, op.cit.
7 The models in this article have been assessed with the help of the programme product EViews 6.
8 Alaton, P., M. Djehiche and D. Stillberger. On modelling and pricing weather derivatives. //Applied

Mathematical Finance, 2002, Vol. 9(1), pp. 1-20.
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(3)

(4)

A sine wave amplitude of 10,569! means that the absolute difference between the
average daily temperature in a typical winter day and in a typical summer day is about
21,14oC. During the year, daytime temperatures “oscillate”9 around their annual average
with a breadth of 10,569oC. The negative value of the phase of the curve indicates that
the entire function of the wavelength is shifted “up” on the time axis, i.e., the coldest day
of the year is after 01 January, and the warmest day is after 01 July. These days can be
found by transforming the value of the initial phase into time units (in this case days): dt
= d/ω = 112,788. Thus, the graph of the function of the average daily temperature
crosses a value of approximately 12,36oC, and then continues to grow approximately on
the 113th day of the year, or April 23. Hence, the coldest and the warmest day of the
year are respectively January 22 and July 23 (112,788 ± 365/4).

Fig. 2. Measured and assessed average daily temperatures

Fig. 2 shows that the sinusoidal function approximates well the seasonal
movement of average temperatures. Adjusting the series of the long-term trend and
seasonal cycle results in a new time series with intermediate temperature residuals
Ut calculated as the difference between the measured Tt and the evaluated average
daily temperatures     , or Ut = Tt –   .

The order of the intermediate temperature anomalies is not stationary either.
Instead, the resulting White-criterion (WT-stat.(Prob.): 567,34 (0,0000)) leads to the
rejection of the hypothesis of variance homoscedasticity, while the Durbin-Watson
statistics (DW-stat.: 0,4359) shows a positive autocorrelation between the residuals,

2 2 oc = 3,8293 + 9,8509 = 10,569 C

9,8509 9,8509
tan d = = >  = 1,942

3,8293 3,8293
 
 
 

  d arctan radians.

Tt
– Tt

–

9 “Oscillation” is intended to mean a recurring fluctuation in time or variation of a variable around its
mean value. In this case, the daytime temperatures fluctuate around its annual mean value with the
change of seasons, the fluctuation being repeated over a period of one year.
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which is confirmed also by the study of the diagram of the autocorrelation and the
partial autocorrelation function:

Fig. 3. Correlogram of the intermediate temperature anomalies

The gradually decreasing autocorrelation and the plummeting partial
autocorrelation give grounds for claims that the intermediate temperature anomalies
follow the autoregressive process. The partial autocorrelation is negligible after the
third lag, suggesting an AR process of third order according to which the intermediate
temperature anomalies in day t depend on anomalies measured over the previous
three days10:

Ut = 0,91 Ut – 1 – 0,198 Ut – 2 + 0,047 Ut – 3                                                (5)
t-stat.:      65,142             -10,558                 3,369
Prob.:      0,0000              0,0000               0,0008
R2= 0,6217; 2

_
R = 0,6216;

WT-stat. (Prob.): 132,96 (0,0000)

All evaluated coefficients are statistically significant with 62,17% of the variation of
the intermediate temperature anomalies being accounted for by the anomalies during the
previous three days. After the elimination of the dependence of the intermediate temperature
anomalies on their lag values, the resulting new residuals (                                  ) are linearly
independent in time (fig. 4а) and have a zero average, however their variance is not
constant. The empirical White-statistics exceeds the respective theoretical value of

3

11




 L

t t ti
ε = U U

1 0 An AR (3) regression model with a free member has also been subjected to an experimentation, but the
parameter estimate is not statistically significantly different from zero (t-statistics -0.0118 and
probability 0.9906), which is consistent with the results obtained by other authors in the area of
researched problems (see eg.: Bent and Saltyte-Bent, 2005) and is also a logical consequence of the
seasonal adjustment of average daily temperatures.
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the χ2-distribution (12,59 (α = 0,05) with degrees of freedom d.f. = 6), which results
in the rejection of the zero hypothesis for homoscedasticity of the variance. The presence
of a seasonal heteroscedasticity in the temperature variance is confirmed also by the
wave movement of the autocorrelation function of the squares of εt, shown on fig. 4b.

The seasonal heteroscedasticity in the residuals requires the inclusion in the
model of daytime temperatures of the deterministic seasonal function of the variance.
If, instead, the intermediate anomalies are modeled as independent and normally
distributed with a constant variation, similar to Davis (2001) and Dornier and Querel
(2000)11, this will lead to a significant underestimation of the actual variation of the
temperature noise, and thus to incorrect pricing of weather contracts.

 The following multiplicative model has been used for the modelling of the seasonal
variation12:

(6)

where:
t

σε is the deterministic function of the seasonality of the variation;

t is white noise with average deviation 0 and standard deviation 1.

Since describes the seasonal variation of temperatures, the daily
empirical variation is calculated as an arithmetic average of the squares of the residuals
for each day of the calendar year. The thus obtained estimates have been presented in
the Furie series, comprising four harmonics13:

εt = t ,t
σε

2

t
σε

2

t
σε 2( )t= E  ,

11 Dornier, F. and M. Querel. Caution to the wind. //Energy Power Risk Management, Weather risk
special report, August, 2000, pp. 30-32.

12 Benth, F.E. and J. Saltyte-Benth. The volatility of temperature and pricing of weather derivatives. //
Quantitative Finance, 2007 (2005), Vol. 7(5), pp. 553-561.

13 Depending on the geographical location, the residual variation of the temperatures can be more or less
variable throughout the year, which requires the use of a different number of harmonics. For example,
when modelling daily temperatures for several cities in Lithuania, Benth et al. (2007) found that the
seasonality of variation is well described by four harmonics; Campbell and Diebold (2002) applied to
two harmonics temperature variation in 10 U.S. cities and Benth and Saltyte-Benth (2004) concluded
that seasonal function of three harmonics approximates very well the variable variance of the residuals
for several cities in Norway. In this study the temperature in Varna, on the basis of statistical criteria
such as the F-statistic, AIC, SIC and t- statistics of significance of parameter estimates, the variance is
represented as the sum of four harmonic variations.
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Fig. 4а. Correlogram of the residuals
of the AR(3) model

Fig. 4b. Correlogram of the squares
of the residuals of the AR(3) model
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(7)

where: α0 – mathematical expectation of the variance process;
αi, βi – Furie coefficients.

The estimated coefficients of the parameters together with the t-statistics, and the
probability of error are shown in Table 1. All estimates are statistically significantly
different from zero and the model represents adequately the studied dependence. The
main wave has the greatest intensity (i = 1) and its dispersion has the largest share in the
overall dispersion process (59,75%)14. The average annual level of the variance is 4,73.

Table 12

Estimated coefficients of the temperature variance model

The assessed and evaluated squares of the residual errors are presented in the
following figure, which shows clearly that the variation of temperatures is highest
during the period from December to February and lowest in July and August.

4

1

2
0

2 2
sin cos ,

365 365




    
    
     

  
K

i i i
t

kπt kπt
σ βε  

1 4 The intensity of each harmonic oscillation is determined as the sum of the squares of its determining
Furie coefficients 2 2 ) 

i i
β . The greater the value of intensity of a harmonic, the greater the probability

that the latter represents the most significant cyclic oscillation in the studied time series. The dispersion

of an individual harmonic oscillation is calculated by the expression
2 2

2


i i

β
, while the dispersion of

the series is calculated by the expression
2 2 2

1
( )


  N

t ti

N
, where N is the number of observations. See

Roussev, Chavdar. Statistical methods for the analysis of time series. Varna, University Press, Varna
University of Economics, 1999, pages 143-145.

Coeff. 4,7343 0,8443 2,49 0,0968 0,1263 0,2015 -0,2756 -0,2807 0,143

t-stat. 140,582 17,729 52,281 2,032 2,653 4,231 -5,784 -5,893 3,003
Prob. 0,0000 0,0000 0,0000 0,0422 0,0080 0,0000 0,0000 0,0000 0,0027

= 0,3821; = 0,3811; F-stat. = 394,2376; Prob. (F-stat.) = 0,0000
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Fig. 5. Measured and estimated variance of the temperature process

Next, it is necessary to check whether the residuals obtained after the elimination

of the influence of the seasonal variance (         ), possess the characteristic of white

noise, i.e. whether they are identically and independently distributed, with a 0 average
and 1 standard deviation. For this purpose the correlograms of the extreme residuals
and their squares have been studied, as well as the latters’ diagrams.

Figure 7 shows that the seasonal cycle in the conventional dispersion of
temperatures is adjusted using the periodic function. From the graph of the
autocorrelation function of the squares of the extreme residuals some resistance in
the variation is still visible, which is likely to be due to other weather factors and
processes not dependent on the seasons. However the GARCH effect remains
unexplained in this study15.
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Fig. 6а. Correlogram of the extreme

temperature anomalies
Fig. 6b. Correlogram of the squares

of the extreme temperature
 anomalies

1 5 Two other models of the conditional variance were subjected to experimentation, aiming to explain the
non-seasonal resistance of the latter - an additive GARCH model applied to temperature volatility of
several U.S. cities by Cambell and Diebold (2005) and a multiplicative GARCH model used by
Saltyte-Benth and Benth (2011). Nevertheless, no statistically significant results for the additional
parameters of the function of the conditional variance were obtained from the two models.
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Fig. 7. Extreme temperature anomalies

The next figure shows the empirical distribution of extreme temperature residuals,
which is a fairly good approximation of a normal distribution with a 0 mean and 1standard
deviation16.

Fig. 8. Distribution of extreme temperature anomalies

Thus, the general model which is used to simulate the average daily temperatures
during the term of climatic contracts is as follows:

(8)

where    is standard normally distributed temperature noise.

3. Simulation and evaluation of climatic options

The application of the method of daily simulation is demonstrated by pricing a
put option on the index of average monthly temperature in March (AATmar). The
evaluated model is used to simulate virtual climate scenarios of daily temperatures in
March, then daily variables are transformed into indices of average monthly
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16 The sample mean and standard deviation of the empirical distribution of the temperature residuals are
respectively 0,002093 and 0,999319. Tests were carried out to check the hypotheses for м ( ) = 0 (bilateral
t-test) and for var (    ) = 1 (ч2 test). The results of both tests do not provide grounds to reject the zero
hypotheses, namely that the process of has a zero mean (p = 0,9194) and 1 variance (p = 0,4321).
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temperatures in the following way. First a forecast is made for 2011 of the deterministic
components of the temperature process (seasonal mean and variance). Secondly,
10,000 realizations of the extreme temperature anomalies from the standard normal
distribution are simulated. Thirdly, the resulting residuals are used to form a sample
from the distribution of possible daily temperatures for each day of 2011, whereby the
average of each distribution is the expected value of the temperature for that day. The
actually measured average daily temperatures in 2011 and the average of the 10 000
simulated values for each day of the year are presented in Fig. 9

Fig. 9. Simulated and measured average daily temperatures in 2011

By combining the various possible realizations of the temperatures in each day
of the relevant month, and calculating their average, a sample distribution of the climate
index was formed which is represented in Fig. 10, together with the estimated
parameters of the distribution.

Fig. 10. Simulated distribution of the climatic index AATmar
and comparison with the normal distribution
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According to the actuarial approach to assess weather derivatives, the fair value
of the options (premium) is defined so that the expected profit of the contract is zero,
or the premium is equal to the expected return, discounted until the time of signing the
option contract17. Put options ensure payment to their holder if the value of the climatic
index is below the strike price by the maturity date of the contract. Otherwise the
option will not be exercised and the payment will be equal to zero. The financial
settlement of the contract requires that the difference between the strike price and
the value of the index be converted to cash flow, which is performed by the contract
step. Thus, the expected return of a weather put option can be represented as the sum
of the possible financial outcomes weighted by their probabilities18:

(9)

where: E(Ft) is the expected payment at the maturity of the option;
S is the strike price of the contract;
E(It|It < S) – conditional expectation of the distribution of the index
provided that IT < S;
Pr(It < S) – the probability that the index has a value that is lower than
the strike;
V – contract step or the sum of payment of every unit of deviation of the
index from the strike.

Therefore, the fair price of the put option is determined in the following way:

(10)

where: F0 is the fair price of the option;
r is the risk-free interest rate;
Δt is the contract term.

In the above example it has been assumed that the step V is BGN 40 for one
index point (1oC)19, while the strike price is set at the level of the expected value of the
index or S = 6,7oC. This means that for every 1oC deviation of the index under 6,7oC,
the option contract will ensure a payment of BGN 40 to its holder. Since the simulated
index is normally distributed, the probability of realization of values under the average
Pr(It < 6,7) is 0,5. For the conditional expected value E(It|It < 6,7), representing the
average of the part of the index distribution which is “cut” by the strike, the value is

E(Ft) = [(S – E(It|It < S)) . Pr(It < S) + 0 . (1 – Pr(It < S))] . V

F0 = [(S – E(It|It < S)) . Pr(It < S) . V].e–r . Δt

1 7 Jewson, S. and A. Brix. Weather Derivative Valuation: The Meteorological, Statistical, Financial and
Mathematical Foundations. - Cambridge: Cambridge University Press, 2005.

1 8 Schmitz, Bernhard. Wetterderivate als Instrument im Risikomanagement landwirtschaftlicher Betriebe.
Inaugural-Dissertation zur Erlangung des Grades Doktor der Agrarwissenschaften. - Bonn: Rheinischen
Friedirch-Wilhelms-Universitдt, 2007.

1 9 The contracts on climatic indexes for European cities traded on the Chicago Mercantile Exchange
Group are EUR per index point.
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6,3oC20. Therefore, the expected payment of a put option with the specified parameters
is (6,7-6,3)*0,5*40 = 8 BGN per contract, while the premium due for the term of the
contract is F0 = 8*e–0,0833*0,0018 = 7,9988 per option.21

The actual value of the index of the average monthly temperature for 2011,
calculated on the basis of the daily minimum and maximum temperatures, is 6,1!. This
means that the put option would bring payment of (6,7-6,1) * 40 = 24 BGN on the
maturity date.

The economic function of a put option on the underlying index of average monthly
temperature is to hedge against lower than normal temperatures for the month, which
would adversely affect the financial performance of a company. Thus, the reduction
of corporate income, profits or production results due to adverse weather conditions is
offset by payments of the option at maturity. On the other hand, if the weather conditions
are favorable and the option is not exercised, the result of hedging would be a loss of
the option premium, but this loss will be covered by the operating profit. In all cases,
by using weather options hedgers will ensure their normal revenue.

Conclusion

The results of the actuarial method applied in this article for pricing weather
options demonstrate that climate risk can be hedged at a relatively low cost. The fair
premium for a put option on the index of the average temperature in Varna in March
amounted to 7.9988 BGN while the option ensures payment to its holder of 40 BGN
per 1! deviation from the average monthly temperatures below the long-term average
for March. In 2011, the value of the climate index was by 0,6! lower than the strike
price, which would result in payment of 24 BGN per each option. Obviously, under
favorable weather conditions for the activity, the result of climate hedging would be
loss of the option premium which provides a competitive advantage to companies that
have not hedged the weather risk during the respective year. However, the benefits of
hedging consist in adjusting the value of the company’s financial performance over
time and thereby improve its predictability. This on the other hand would help reduce
potential and actual costs associated with financial distress and the cost of capital -

2 0 The conditional expected value has been determined with the help of the program product @Risk 5.5. For
normal distribution the same can be calculated with the help of the following formula: E(Ft|Ft< S) =  E(Ft )

+
( )

σ.
ф( )
 z

z , where:  is the function of the density of the probability for standard normal distribution;

 is the cumulative probability and z  is the rated deviation (z-evaluation).

For
Ε( ) 6,6914 6,6914

z 0
0,462

 
  


tS F

, the expectation of the distribution under strike is 6,6914) =

6,6914 + 0,462 .
-0,4

0,5  = 6,3218oC. See Landsman, Zinoviy M. and Emiliano A. Valdez. Tail Conditional

Expectations for Elliptical Distributions. //North American Actuarial Journal, Vol. 7 (4), October 2003.
2 1 The basic interest rate (BIR) determined by the BNB has been used as a risk-free interest rate. Its value

for March 2011 was 0,18%.



105
Articles

effects that are essential in the current market conditions. The weather derivatives do
not require developed markets of underlying “assets”, while their application would
lead to better management of the financial consequences of climate risks that objectively
exist within the borders of Bulgaria.

DETERMINING  THE  FAIR  PRICE  OF  WEATHER  HEDGING

PhD  student  Miroslava  Mahlebashieva

Abstract

The present article brings to the fore the issue of the fair pricing of hedging against
climatic risks in Bulgaria by applying an actuarial approach for determining the price of a
climatic put option. On the basis of data on the daily maximum and minimum temperatures in the
town of Varna for the period from 2007 to 2010 there has been developed and evaluated a model
of average daily temperatures, which summarizes the main characteristics of the process of air
temperatures: long-term trend, seasonal cycle, autocorrelation and heteroscedasticity.

Keywords: climatic options, pricing, actuarial methods, modelling of temperatures,
simulation.


